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Abstract: Transfer-path analysis (TPA) is a reliable and effective diagnostic tool for deter-
mining the dominant vibration transfer paths from the actively vibrating components to
the connected passive substructures in complex assemblies. Conventional and component-
based TPA approaches achieve this by estimating a set of forces that replicate the operational
responses on the passive side of the assembly, requiring separate measurements of the
transfer-path admittance and the operational responses, followed by an indirect estimation
of the interface forces. This demands significant measurement effort, especially when
only the dominant transfer paths are desired. Operational transfer-path analysis (OTPA)
overcomes this by identifying transfer-path contributions solely from operational response
measurements. However, OTPA is susceptible to measurement errors as minor inaccuracies
can result in discrepancies regarding transfer-path characterization. This is especially
evident when poor placement of the sensors results in similar response measurements
from multiple channels, introducing redundancy and amplifying measurement noise. This
is typically resolved using regularization techniques (e.g., singular-value truncation and
Tikhonov regularization) that promote vibration transfer related to dominant singular vec-
tors. As an alternative, this paper explores the benefits of using established reduction-based
approaches from dynamic substructuring within OTPA. Measured responses are projected
onto different dynamic sub-spaces that include the dominant dynamic behavior of the
interface between the active and passive sides (i.e., dominant interface modes). In this
way, only the vibration transfer related to the interface modes included in the reduction
step is evaluated, leaving stiff modes obscured by noise unobserved. This paper proposes
using interface-deformation modes and physical modes, demonstrating their feasibility via
various experimental setups and comparing them to standard OTPA.

Keywords: transfer-path analysis; operational transfer-path analysis; partial transfer-path
contribution; interface deflection modes; physical modes

1. Introduction

Transfer-path analysis (TPA) is a powerful engineering tool used to identify noise and
vibration transfer paths traveling from the source side of an assembly to the connected
passive substructures [1]. TPA has become increasingly popular in recent years as noise
and vibration have become critical design criteria for many industries, including automo-
tive [2-4], aerospace [5], and aviation [6,7]. The goal of TPA is to quantify the actively

Appl. Mech. 2025, 6,13

https://doi.org/10.3390/applmech6010013


https://doi.org/10.3390/applmech6010013
https://doi.org/10.3390/applmech6010013
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/applmech
https://www.mdpi.com
https://orcid.org/0000-0001-6276-8769
https://orcid.org/0000-0002-0481-1682
https://doi.org/10.3390/applmech6010013
https://www.mdpi.com/article/10.3390/applmech6010013?type=check_update&version=1

Appl. Mech. 2025, 6,13

2 of 24

vibrating components where vibrating mechanisms are usually impossible to model or
measure directly and the vibration transfers to connected passive substructures. By identi-
fying the key contributors to noise and vibration, engineers can develop targeted solutions
that can reduce these unwanted effects [8,9].

There are many families of TPA methods with variations in their implementation [10].
A distinction can be made between three families of TPA methods: classical TPA [1,10],
component-based TPA [10-13], and transmissibility-based TPA [14-16]. In classical TPA,
a set of interface forces between the passive and active sides are estimated, which is a
characteristic of the assembly dynamics. Interface forces can be obtained using a direct or
indirect approach. While the former offers an intuitive means of measuring the interface
forces, it is usually difficult to perform in practice [17]. As such, indirect approaches were
proposed. Based on two measurement steps, operational responses measured on the full
assembly and the admittance of the interface of the passive substructure alone, interface
forces are calculated so that they fully replicate the measured responses. Although suitable
for estimating partial path contributions, any modification to the assembly renders the
interface forces obsolete. As an alternative, component-based TPA methods were proposed.
They characterize the source excitation with a set of equivalent forces, which are an inherent
property of the active component [10]. Equivalent forces are thus transferable to assemblies
with modified passive sides, enabling component optimization of the assembly. Directly
measured equivalent forces, also known as blocked forces, assume an infinitely stiff ground
to which the source is fixed through force transducers. The load, measured during the
source’s operation, directly represents the blocked force set. A fixed interface assumption
makes the blocked force very sensitive to boundary stiffness, which in practice is only
satisfied at lower frequencies [17]. Alternatively, an indirect approach can be used where
the equivalent forces are estimated from responses measured near/at the interface, along
with a separate admittance measurement of the structure [10]. Special attention is paid to
the in situ approach [13], even eliminating the need to unmount any part of the assembly
to obtain the equivalent force set. Further research on multiple-input/multiple-output
measuring techniques is crucial for several advanced TPA methods [10]. These techniques
measure direct transfer functions, enabling the identification of connections between input
and output signals. This enables the quantification of a passive system, providing insights
into which components require modification to reduce vibration on the receiver’s side [18].

If the experimenter is primarily interested in obtaining the partial transfer-path contri-
butions, the approaches described above present a major measurement effort. Operational
transfer-path analysis (OTPA) [14,15], however, is a viable alternative. OTPA estimates
the path contributions from the structure’s transmissibility matrix, therefore simplifying
the measurement campaign compared to other indirect TPA methods that necessitate ad-
mittance measurements. Here, only the response measurement of the assembly during
operation suffices for an estimation of the path contribution. However, OTPA faces chal-
lenges that need to be addressed to achieve reliable results. The main issues contributing
to inconsistent path identification include cross-coupling among the transfer paths, mak-
ing it difficult to distinguish the different transfer paths from the measured responses on
the passive side [19]. To ensure sufficient observability of these transfer paths, an appro-
priate number of sensors that are carefully positioned in the vicinity of the interface are
required [17]. Having sensors too close together might, on the other hand, lead to similar
measured responses from two or more response channels. This complicates the estimation
of the transmissibility matrix due to high condition numbers that are caused by redundant
response measurements [15], often leading to amplified measurement noise.

To improve the OTPA robustness towards error amplification, de Klerk et al. [14]
proposed to enhance the method with singular-value decomposition (SVD). Rejecting the
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smallest singular values effectively filters out the measurement noise, thereby improv-
ing the conditioning and making OTPA more robust and less prone to error propagation.
Roozen et al. [20] presented a procedure that improves transmissibility-matrix estimation by
performing an artificial excitation. Transmissibility is estimated by exciting structures with
strokes of an uninstrumented hammer, which offers many more independent load cases,
unlike the conventional approach of using a machine’s operational excitation alongside a
relatively high signal-to-noise ratio. Additionally, a process to determine the number of
important transmission paths based on the singular-value decomposition of the response
matrix was proposed in [20]. Cheng et al. [21,22] proposed improvements on the topic
of cross-talk cancellation. This was achieved by estimating the transmissibility matrix
from signals that had their phase and amplitude corrected on the basis of reference mea-
surements. The proposed approach was experimentally tested on a thin shell structure,
yielding increased consistency in terms of transfer-path identification and contribution
evaluation. Further research has shown that poor transmissibility-matrix estimation can
be partly linked to the inverse problem, which was shown to be improved with Tikhonov
regularization [23,24]. Choi et al. [25] demonstrated that Tikhonov regularization performs
well in the presence of high noise levels but tends to over-regularize the solution when the
noise is low.

This study aims to improve the transmissibility-matrix estimation for the purpose of
OTPA by promoting only the main interface dynamics through a reduction-based approach,
serving as a viable alternative to already established regularization techniques. The pro-
jection of the operational interface responses is performed on the representative dynamic
sub-spaces that capture the dynamic behavior of the interface, i.e., the interface-deformation
modes [26] or mode shapes evaluated at the sensor locations near the interface [27], both
of which are investigated in this paper. In this way, only the vibration transfer related to
the interface modes considered in the transformation is investigated, while the remaining
nodes are neglected when evaluating the partial transfer-path contributions. The latter is
deemed not to be significant for vibration transfer (e.g., relatively stiff or poorly controlled
interface modes) and is dominated by measurement noise, which commonly amplifies and
thus compromises partial path contributions, leading to the erroneous identification of
dominant transfer paths. However, obtaining the necessary physical modes to implement
the proposed method requires a representative numerical model, which can be quite labor-
intensive to construct. Therefore, using interface-deformation modes is recommended,
especially when dealing with complex assemblies that have multiple interfaces. Addition-
ally, this approach addresses the possible redundancy issues caused by duplicated response
measurements from poorly positioned sensors, which result in high condition numbers
and inconsistent transmissibility estimation.

In Section 2, the theoretical concepts are introduced. Section 2.1 provides a brief
overview of OTPA, while Section 2.2 discusses the concepts of reduction within OTPA, with
two approaches detailed in Sections 2.2.1 and 2.2.2. Furthermore, the proposed approaches
are experimentally validated on three separate setups, as presented in Section 3. Firstly,
validation is performed on two beam-like structures connected using bolted (Section 3.1)
and rubber-mounted connections (Section 3.2). Further validation on a washing machine
drum assembly is presented in Section 3.3. The conclusions are drawn in Section 4.

2. Materials and Methods
2.1. Operational Transfer-Path Analysis

Consider an assembly of substructures A and B coupled at the interface. Substructure
A is the active component, subjected to an operational excitation f; for its internal degrees
of freedom (DoFs). Substructure B is the passive side of the assembly, experiencing no
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external excitation forces. Consequently, the responses in substructure B, observed both
near the interface (uy) and farther away (u3), are due to f;.

OTPA estimates the transmissibility matrix T4 from the relations of the motion be-
tween the indicator DoFs uy (viewed as “inputs” to the analysis as they directly observe
the transfer paths through the interface) and target DoFs uz for excitation forces f;. In
the case of OTPA, all measurements are conducted exclusively on passive substructure B.
Fundamentally, different excitation forces must provide / independent load cases, which
are obtained by varying the operational conditions, such as rotation speeds, torque loads,
etc. In this way, a set of linearly independent responses uz and uy are obtained, from which
T34 can be estimated. Depending on the number of load cases, the T34 estimation represents
either a determined or over-determined problem, where the latter is usually preferred so
the least-square smoothing minimizes the random errors and outliers [17]. Tay4 is estimated

as follows:
o .@ 0 1 @ O1\" _ +
Tz = , S ey , S ey = Ui (U , 1
34 = [uy/,u, u;’] ([u4 u, u, ]) 3( 4) (1)
nxm nxl mxl

where 1 represents the number of DoFs at the target location, m represents the number
of DoFs at the indicator locations, which should exceed the number of interface DoFs,
ensuring all the transfer paths are properly observed [17], and the superscript (x)* denotes
the Moore-Penrose pseudo-inverse.

The combined path contribution for all the indicator DoFs can be obtained by rear-
ranging Equation (1) and considering a single load case s:

nx1 mx1

~ N =

ugs) = Ty uf), se{1,2,..,1}. 2)
~——
nxim

It should be noted that performing the method is dependent on the location and the
number of sensors uy. This must be carefully chosen to fully observe all the transfer paths
through the interface. Too few sensors or sensors placed far from the interface might neglect
important transfer paths, leading to an inconsistent path identification. Wernsen et. al.
in [28] refers to this as the “blurring” effect, where different interface inputs can be difficult
to distinguish if the indicator DoFs are further away from the interface. Having sensors
too close together or in excessive numbers can result in poor matrix conditioning as some
of the response channels measure similar responses and are thus viewed as redundant.
This then tends to amplify the measurement errors during the inversion for the sake of
the transferability estimation (Equation (1)), thus hindering the partial path estimation in
Equation (2). Positioning the target DoFs farther from the interface does not negatively
affect the consistency of the path identification, provided the target DoFs are located in
areas with high signal-to-noise ratios. However, if secondary vibration sources are present,
the distance between the interface and the target DoFs could become problematic as they
represent a greater factor of the signal with increased distance.

To determine the dominant transfer paths, we must perform a partial path contribution
as follows:
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where the partial path contributions represent each separate product of the matrix multipli-
cation between a row of the transmissibility matrix T34 and a column of vector uy:

MS{ = T(l,l) ufil) + T(l,Z) ufﬁ% + -+ T(Lm) ugr)n . (4)
——— N—— ———
L L2 L
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2.2. Reduction-Based Approach Within OTPA

An estimation of the transmissibility between the target and the indicator DoFs can be
carried out using a reduction-based approach that promotes the main interface dynamics
in the measured operational responses. This section elaborates on how only the vibration
transfer related to the interface modes included in the reduction step is evaluated, while
the rest is left unobserved. This is achieved by projecting the measured operational re-
sponses into representative sub-spaces constructed from interface-deformation modes and
physical modes.

Assume we have a representative sub-space, denoted as Rjy; for the displacements, of
the assembly’s interface. The matrix Rj,; includes, in its columns, a set of representation
vectors that effectively approximate the main interface dynamics. These vectors can be
derived from a representative finite-element model of the interface region or through
measurements taken at the interface. In the sub-space, the interface DoFs ujn can be
expressed as

Uint = Rintq + 3, ®)

where q represents the generalized displacements of the interface DoFs in the reduced
sub-space and p represents the remainder that will not be captured in the projection and
that we can request to remain orthogonal to the interface representation sub-space:

RLWu =0, (6)

where W is the positive definite matrix defining the norm of the projection. The essential
point is that, by having # encompass all the remaining dynamic behavior of the interface
not captured by Rjn¢, we ensure that only the relevant interface dynamics are considered in
q, while the rest are effectively filtered out.

In Section 2.2.1, the formulation of the generalized displacements using the interface-
deformation modes is proposed. This stems from the already established virtual point
transformation [26]. Secondly, a formulation commonly used in dynamic substructuring
applications [27,29,30] to express generalized displacements using physical modes of the
interface is shown in Section 2.2.2. For the purpose of this paper, the physical modes
will be obtained numerically, but the formulation also enables the use of experimentally
determined physical modes. Both approaches are adopted for use in OTPA in order
to evaluate only the vibration transfer related to the (dominant) interface modes used
in the transformation, while the rest (commonly dominated by measurement errors) is
left unobserved.
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2.2.1. Interface-Deformation Modes

Given that the interface of interest behaves rather rigidly in the frequency range of
interest, the modes that dominantly represent the interface are the translational motions in
the x, y, and z axes, as well as rotations around their corresponding axis. These are com-
monly known as the interface-deformation modes (IDMs). The measured displacements for
the i-th sensor can be expressed from unknown generalized /virtual point displacements
where q represents the vector of generalized /virtual point displacements (3 translations
and 3 rotations) and r represents a position vector between the virtual point and i-th sensor:

ul exx exy exz| |1 0 0 0 i ry '
uy| = leyx eyy eyz| [0 1 0 —rp 0 ™ |q =u =Rq, (7)
ul, ezx €zy Czz 0 0 1 ry  —Tx 0

E

where the matrix E is introduced to account for the directional misalignment between
the sensor orientations and the virtual point orientations. The columns of matrix R; are
rigid IDMs assembled from the relative sensor position with regard to the virtual point.
Equation (7) is further expanded to all the measured displacements:

u1 R1
l.l2 Rz
| = [R;|9 = u = Rq. (8)

To reconstruct the displacements of the virtual point, a residual term p is required.
This term represents the flexible motion that is not comprised within the rigid IDMs:

u=Rq+pu. 9)

To find the optimal solution for q, an optimization of the residual cost function u'p is
performed [31]. The least-square process yields the following;:

a= (R'R) TRu=Tau = Te= (R™R) R (10)

where T, is a displacement-transformation matrix that projects measured translational
displacements into a sub-space composed of six rigid IDMs. For cases that exhibit flexible
behavior, additional columns can be added to the matrix R to include flexible IDMs [32,33].
Additional columns are added based on the flexible motion that is present at the interface
(which can include extension, torsion, skewing, bending, etc.).

Path contributions from the main interface contributions only can be finally written as:

ol = U; (TuU4) +Tuuf), (11)

where we can define a new transmission matrix T3y req as

+
Tasred = Us(TuUs) Ta. (12)

From Equation (12), it can be observed that the shapes of T34 and T34 yq are both equal
to n x m. This means that Equations (2) and (11) both provide path contributions from
the measured DoFs regardless of the number of IDMs used in the process of obtaining the
transformation matrix Ty,. The main purpose of Ty is to remove the redundant interface



Appl. Mech. 2025, 6,13

7 of 24

dynamics from the measurements and thus improve the condition number of the inverse
matrix present in an estimation of the transmissibility matrix, consequently minimizing
the errors in the transfer-path prediction. Equation (2) still holds for determining the path
contributions with the reduced transmissibility matrix:

u:(J,S) = T34,red u4(13)~ (13)

2.2.2. Physical Modes

A suitable representation of the interface can also be obtained by defining the reduction
bases using physical modes [27]. In this case, the transformation matrix is obtained from a
truncated set of m physical mode shapes that are evaluated at the indicator DoFs. To obtain
the necessary physical modes, a modal identification method must be performed. This can
be achieved from both experimental data or an equivalent numerical model of the structure.
For the purpose of this paper, the numerical approach was chosen. The main drawback of
using experimentally measured data to obtain the physical modes is the fact that it requires
admittance measurements of the structure and thus effectively loses the main benefit of
OTPA methods. We define a mode-shape matrix ®,,, which contains m stacked columns
of previously identified mode shapes ¢:

(I>u4 = [gbl ¢ ... ¢m] (14)

The transformation matrix T, is estimated as follows [30]:

Ty = (@) (15)

The OTPA is performed identically to the IDM approach described in Section 2.2.1.

3. Experimental Case Studies

An experimental validation of the proposed method was conducted using two distinct
experimental setups. The first setup involved two beam-like structures connected by two
different types of connections. The first type was a bolted connection detailed in Section 3.1.
The second type involved a rubber connection, where a rubber element was used to couple
the two substructures, as described in Section 3.2. The third experimental validation
featured an electric motor mounted to the drum of a washing machine, representing a
more realistic case study. The associated experimental setup and results are presented in
Section 3.3.

3.1. Bolted Connection

The first experimental setup consisted of an assembly of two aluminum substructures,
as shown in Figure 1. A connection resembling a single point-like interface was applied to
substructures A and B using an M10 bolt that was tightened with a torque of 10 Nm. The
structure was securely mounted to a vibration-free table on two aluminum blocks with
M10 bolts. The mass of the coupled AB structure is approximately 2.6 kg.

The response measurements were performed with five tri-axial modal PCB 356A32
accelerometers mounted on passive side B. Each accelerometer has a mass of 5 g. The
first four accelerometers mounted in the vicinity of the interface acted as indicator DoFs,
while the final reference accelerometer was mounted further away from the interface at
the target DoFs. The positions and orientations of the accelerometers near the interface
were carefully chosen to ensure sufficient observability. This was achieved by placing them
on different surfaces that were perpendicular to each other. The operational excitations
were simulated using a PCB 086C03 modal hammer with a vinyl tip. A total of eighteen
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impact/operational loads were applied to the active side. The first twelve were used in
the process of estimating the transmissibility matrix (Equations (1) and (12)), while the
other six were used as different load cases from which the transfer-path identification was
performed following Equation (2). Figure 2 illustrates the positions and orientations of the
applied impacts on active substructure A, as well as the positions of the accelerometers
mounted on passive substructure B. The impact locations were chosen to ensure sufficient
interface excitation. This, combined with adequate interface observability achieved through
strategic accelerometer placement around the interface, enables the identification of IDMs
necessary for transformation matrix construction. Unlike physical modes, which are

obtained numerically, IDMs are calculated from measurements.

dicator
elerometers

- Accelerometer

l f"f’ l Impact

Figure 2. Impacts and accelerometers positioned on a CAD model of structure AB (| utilized in
transmissibility matrix calculation; | different load cases).

Results

Following Equation (2), we performed the reconstruction for the standard OTPA,
which, compared to the reference measurement performed at the target DoFs us, provides
visual insight into the consistency of the method. This comparison is shown in Figure 3.
All the following results in this section will be shown for the x direction of the reference
accelerometer located at the target DoF u3.
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Figure 3. Comparison of the reconstructed standard OTPA results and the reference measurements.

From Figure 3, we can see that the standard OTPA method closely follows the reference,
but it is affected by noise and spurious peaks across the entire frequency band. The noise
pollution and spurious peaks can be attributed to the relatively low signal-to-noise ratio of
the measurements and the high condition number (averaging well above the desired value
of 102 across the frequency range of interest [14]) of the matrix to be inverted in the process
of estimating the assembly’s transferability (Equation (1)).

To apply the approach proposed within this paper, first, a numerical model of the
coupled aluminum structure was constructed in ANSYS 2021 R1. The CAD models of the
AB beam structure are available on the pyFBS website [34]. The numerical model was
constrained with a bonded connection at the interface, while a fixed support was applied
at the mounting locations. A modal analysis was performed to obtain all the physical
modes up to 2 kHz, which were used to construct the physical mode-transformation matrix
following Equation (15). The material properties of aluminum were used (density = 2770 %
and Young’s modulus = 71 GPa).

To aid in the process of selecting the proper number of both physical modes and IDMs,
an SVD was performed [12]. The matrix U4 can be expressed by SVD as

U, = UzVvH, (16)

where U represents a | x | unitary matrix of left singular vectors, X is a I x m matrix
containing singular values at its diagonal in descending order, V is a m x m unitary matrix
of the right singular vectors, and superscript (x)" denotes a conjugate transpose.

This enables the creation of a graphical depiction of singular values that vary with
frequency, as depicted in Figure 4.

ety Used SV

) :“,1‘,(,'.;,‘{’2«'.:"'. S L TTTERR [ S ag b yrt .
107 Neglected SV
0 250 500 750 1000 1250 1500 1750 2000

Frequency [Hz]
Figure 4. Representation of the first 6 singular values for the rigid connection experiment.

Figure 4 demonstrates that employing six singular values, indicative of a rigid-type
connection, aptly captures the interface dynamics up to approximately 1 kHz. In other
words, the first six singular values dominate the interface dynamics. Incorporating more
singular values makes it possible to capture the structure’s additional flexible interface
behaviors, which have a larger role at higher frequencies.
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— - TSVD

To improve the prediction, the projection of the indicator responses into a sub-space
following Equation (11) was applied, first with IDMs, i.e., six rigid IDMs, representing the
three rotations and three translations of the interface. These IDMs provided a sufficient
initial approximation of the interface dynamics, with additional flexible IDMs to be added
later. For the projection with physical modes, the first six physical modes based on their
corresponding natural frequency were selected as a starting point as we assume they are
present within the observed frequency range.

As described previously, at the higher frequency range, additional IDMs and physical
modes should be added as these represent the flexible dynamics of the interface. As such,
the reduction method was also performed for a larger number of modes for both approaches
to see which mode number yields the most consistent results. The proposed methods were
compared to the established approach of using truncated singular-value decomposition
(TSVD) in the scope of OTPA [14], where six singular values, previously determined
to reflect the dynamics of the interface, were utilized and the rest were discarded. The
comparison of the reconstruction of the reduction methods using IDMs and physical modes,
employing six, eight, and ten modes, is illustrated in Figure 5. Specifically, for the instance of
the eight-mode IDMs, an additional two extension modes [32] were incorporated. Similarly,
for the ten-mode IDM case, the last remaining extension mode and an extra torsional [32]
mode were included. For the approach using physical modes, the closest higher modes
in terms of their corresponding natural frequency were added to construct eight- and
ten-mode reduction bases.

Standard OTPA —— Physical modes, i = 6 — — IDMs, =8
— Reference IDMs, ¢ = 6 » = = Physical modes, i = 10
— — Physical modes, 1 = 8 IDMs, 7 = 10

10" §

100 4

15}
|

10724

Amplitude [ms~?

} g i
A / \\‘\%‘ ‘1 \\Vﬁ;ﬁs Jm%&tf‘wdﬁ:ﬁ/\f ! f .
Wf

T T T T T T T T
250 500 750 1000 1250 1500 1750 2000

Frequency [Hz]

Figure 5. Comparison of the reference measurements and reconstructed results of OTPA, TSVD, and
reduction methods utilizing 6, 8, and 10 IDMs and physical modes.

The reconstruction presented in Figure 5 suggests that employing only six rigid IDMs
or six physical modes falls short of achieving a consistent reconstruction, particularly
within the frequency range from 1400 Hz to 2000 Hz. The omission of flexible motion
in the reconstruction when using six rigid IDMs or physical modes resulted in a notable
divergence from the reference measurements at these frequencies. Consequently, to enhance
the consistency of the predictions, eight IDMs and eight physical modes were incorporated,
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1.00

0.98
= 096

0.94 1

as depicted in Figure 5, leading to a marked improvement in the prediction consistency
at higher frequencies. Furthermore, the introduction of additional modes—ten IDMs and
ten physical modes in total—demonstrated better consistency compared to the use of
six modes. However, this also introduced a significant amount of measurement noise at
lower frequencies, which is likely due to the flexible interface behavior masked by the
measurement noise at these frequencies being amplified in the final prediction. Based
on these observations, it was deduced that the ideal number of modes to employ for the
specified frequency range is approximately eight.

For a more objective consistency estimation, the Local Amplitude Criterion LAC [35]
and coherence [26] criteria were chosen. The LAC criteria make it possible to compare
two frequency response functions only in terms of the amplitude, while the coherence
criteria also enable the comparison in both the phase and amplitude spectra (where a value
of 1 represents a perfect correlation, while values close to 0 represent poor correlations).
Figure 6 displays the LAC and coherence criteria values, averaged for the entire frequency
range of interest, where each depicted approach is compared to the reference measured
response at the target DoF.

---- OTPA ---- TSVD IDMs B Physical modes ---- OTPA ---- TSVD IDMs B Physical modes

1.00

098+

>~

O 0.96 4

=

— 0.94 4
0.92

6 modes 8 modes 10 modes 6 modes 8 modes 10 modes

(@) (b)

Figure 6. Comparison of reduction methods’ consistency compared to standard OTPA and TSVD
results using various numbers of modes obtained with coherence and LAC criteria: (a) average
coherence values; (b) average LAC values.

Figure 6 clearly indicates that the ideal number of IDMs and physical modes is eight,
where both methods offered improved consistency over the standard OTPA while being
comparable to the TSVD approach. The results demonstrate the importance of selecting
the appropriate number of IDMs or physical modes. Similarly, the cutting point for the
TSVD is up to the experimenter, which in practice is not always a trivial matter. Therefore,
the use of the reduction methods using IDMs or physical modes can be viewed as a viable
alternative to the TSVD approach to increase the robustness of OTPA.

3.2. Rubber Connection

The second experimental setup consisted of an assembly of two aluminium substruc-
tures, as shown in Figure 7. The coupling between substructures A and B is a rubber
bushing, M10 bolts, washers, and a torque of 10 Nm. The structure is fixed to a vibration-
free table on two aluminium blocks and M10 bolts tightened with a torque of 10 Nm. The
mass of the coupled AB structure is 3.3 kg. It is important to note that the interface between
active substructure A and passive substructure B is somewhat arbitrary and can be defined
by the experimenter. In this case study, the rubber bushing was considered to be part of the
passive side, but it would also be valid to include it as part of the active side.
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Passive side

Figure 7. Experimental setup of the AB structure with a rubber connection.

The measurement setup included five tri-axial modal PCB 356A32 accelerometers
positioned on passive side B. The initial four accelerometers were strategically placed at
the interface near the rubber bushing to ensure sufficient interface observability, serving
as indicator DoFs, while the fifth, a reference accelerometer, was situated further from the
interface at the target DoFs. The operational excitation was simulated using a PCB 086C0
modal hammer with a vinyl tip. Operational excitation, similar to the first experimental
setup, was conducted at low force levels. A total of eighteen impacts were applied on
active side A at varying DoFs. The first twelve were utilized to calculate the transmissibility
matrix (Equations (1) and (12)), and the subsequent six impacts were treated as different
load cases to determine the path contributions, in accordance with Equation (2). Figure 8
illustrates the positions and orientations of the applied impacts on active substructure A,
as well as the positions of the accelerometers mounted on passive substructure B.

- Accelerometer

1/ mpac

Figure 8. Impacts and accelerometers positioned on a CAD model of structure AB coupled with a
rubber bushing (| utilized in transmissibility matrix calculation; | different load cases).
Results

Figure 9 shows the comparison between the reconstructed results obtained by using
the standard OTPA and the reference measurements.
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Figure 9. Comparison of the reconstructed standard OTPA results and reference measurements.

From Figure 9, it is clear that the standard OTPA matches well with the reference mea-
surements around the resonance regions of the structure where the signal-to-noise ratio is
high, while elsewhere the reconstruction includes more noise and multiple spurious peaks.

A new numerical model was once again developed using ANSYS software. This
model was composed of an aluminium assembly connected by a rubber element. The
rubber component was represented as a cylindrical solid with dimensions of 39 mm in
height and 25 mm in radius. The rubber was characterized by a linear model with a density
of 1.28 C% and a Young’s modulus of 11 MPa. Modal analysis was conducted to capture
all the mode shapes up to a frequency of 2 kHz.

To determine the initial numbers of IDMs and physical modes to be utilized within
their respective transformation matrices, an additional SVD was performed. The graphical
illustration that compares the utilized singular values with the residual ones is shown in
Figure 10.
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Figure 10. Representation of the first 6 singular values for the rubber connection experiment.

Figure 10 reveals that six singular values can represent the interface dynamics within
the observed frequency range. Accordingly, six rigid IDMs and the first six physical modes
(based on their corresponding natural frequencies) were chosen to form their respective
transformation matrices in line with Equations (10) and (15). However, transformation
matrices for eight and ten modes were also constructed to demonstrate the consequences of
employing an excessive number of IDMs or physical modes. In the configuration with eight
IDMs, an additional two extension modes were incorporated, while, for the configuration
with ten IDMs, the final extension mode and an extra torsional mode were included [32].
Following Equation (12), the transmissibility matrix was estimated for all the constructed
transformation matrices.

The reconstructed outcomes utilizing six, eight, and ten IDMs and physical modes
are evaluated against the reference measurements and the TSVD approach utilizing six
singular values, shown in Figure 11.
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Figure 11. Comparison of the reference measurements and reconstructed results of OTPA, TSVD, and
the reduction methods utilizing 6, 8, and 10 IDMs and physical modes.

From Figure 11, we observe that this experimental setup produced consistent recon-
struction results with six rigid IDMs and six physical modes. Including additional modes
only introduced redundancy into the reconstruction, as evidenced by an overall increase in
the measurement noise across the frequency range. This demonstrates that adding more
modes does not necessarily lead to improved consistency.

These observations were also objectively validated with the coherence and LAC criteria
shown in Figure 12.

---- TSVD IDMs B Physical modes ---- OTPA ---- TSVD IDMs B Physical modes

8 modes 10 modes ' 6 modes 8 modes 10 modes

(a) (b)
Figure 12. Reduction methods’ consistency comparison to standard OTPA and TSVD results using

various numbers of modes obtained with coherence and LAC criteria: (a) average coherence values;
(b) average LAC values.

The data presented in Figure 12 confirmed the findings from the reconstructed out-
comes depicted in Figure 11. It is evident that the utilization of six modes for both the
rigid IDMs and physical modes yielded the most consistent results, confirming the initial
number of modes selected based on the SVD, as illustrated in Figure 10. The introduction
of more modes did not enhance, but rather diminished, this consistency. Employing a
reduction-based strategy with an optimal mode count led to an approximate 5% improve-
ment in consistency over the standard OTPA, aligning with the results achieved with the
TSVD approach. This highlights the importance of selecting the appropriate number of
modes for obtaining consistent results.

3.3. Washing Machine Drum Setup

The third experimental setup involved an electric motor mounted on the drum of a
washing machine, as shown in Figure 13. Inside the drum, a rotating steel drum, combined
with the electric motor, served as the two sources of vibration. The drum was loaded with
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a uniformly distributed 12 kg mass around the drum and mounted to a dedicated steel
frame with dampers and springs to simulate the conditions inside the washing machine.
The combined mass of the washing machine drum assembly is around 40 kg. The goal of
the measurement was to characterize the transfer of vibration from the electric motor to the
washing machine drum while neglecting the secondary source, the rotating drum. This
is based on the assumption that the sources mainly excite different frequency bands, i.e.,
lower frequency range (below 100 Hz) for the drum and higher frequency range (above
100 Hz) for the motor. Identifying the dominant transfer paths provided improved insight
into where the structural modifications are needed. For example, additional vibro-isolation
can decrease the vibration transfer, or drum reinforcements can increase the local rigidity;,
thereby reducing the dynamic response of the passive side.

Passive side

Indicator
accelerometers

Active side

Figure 13. Experimental setup consisting of the electric motor mounted on the drum of a
washing machine.

Furthermore, the measurements were performed with four tri-axial PCB 356 A32 modal
accelerometers positioned on the drum near the electric-motor mounts (one accelerometer
per mounting pin) acting as indicator DoFs, while an additional reference accelerometer
was positioned at the front of the drum. The locations of indicator accelerometers were
selected to achieve sufficient observability of the interface while minimizing the number of
accelerometers to avoid redundant measurements from duplicated channels.. The reference
location was chosen near the rubber below, which represents one of the main connection
points between the washing machine drum and the machine’s enclosure when it is fully
assembled. As such, high vibration on the drum would cause the whole enclosure to
vibrate. To characterize the transfer paths, two measurement approaches were selected.
The initial set involved conducting 18 impacts using a modal hammer on different parts of
the electric motor. The subsequent set included measurements taken during the motor’s
operation under 18 separate load conditions. This was accomplished by adjusting the
motor’s RPM in a consistent range from 400 RPM to 1250 RPM, increasing by increments of
50 RPM. Figure 14 shows the position and orientation of the impacts applied on the motor
using the modal hammer.
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@ Accelerometer

l Impact

Figure 14. Impacts and accelerometers positioned on CAD model of the motor and drum.

Results

The transmissibility matrix is estimated by following Equation (1) using the initial
12 response measurements obtained from the impacts. Subsequently, this matrix is used
to reconstruct the responses at the target DoFs for the standard OTPA. The results of this
reconstruction are evaluated against the reference measurements, as depicted in Figure 15.

Amplitude [ms~2]

10-*4 —— Standard OTPA —— Reference

0 250 500 750 1000 1250 1500 1750 2000
Frequency [Hz]

Figure 15. Comparison of the reconstructed standard OTPA results and reference measurements for
tub assembely.

The reconstructed results in Figure 15 closely matched the reference measurements
near the peaks, where the signal-to-noise ratio was high. However, deviations occur in
regions dominated by noise.

A numerical model within ANSYS was constructed, as shown in Figure 16, to obtain
the physical mode shapes of the assembly. The washing machine drum and shaft were
modeled as flexible solids, while the drum was modeled as a flexible shell. For the electric
motor and concrete weights, rigid mass points were used with their respective mass values.
An additional mass element was used for the internally applied mass of 12 kg, which was
evenly distributed around the face of the drum. The two bearings were modeled using
the ANSYS SKF extension, where they were designated as bearings 6206 and 6205 with a
non-linear stiffness type. The drum was composed of PPCaCo3, while the remaining parts
were composed of structural steel. The material parameters are detailed in Table 1.

Table 1. Material parameters.

Young's Modulus Density
PPCaCo3 2800 MPa 1.0%
Structural steel 200 GPa 7.85-8,

cm3
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The comprehensive numerical model is composed of approximately 580,000 elements,
predominantly Hex20. A modal analysis was ultimately conducted under a free—free boundary
condition. This analysis yielded the initial twelve mode shapes, excluding the three transla-
tional and three rotational modes that result from the free—free boundary condition. These
mode shapes were then utilized to create the transformation matrix of the physical modes.

Figure 16. Washing machine numerical model.

Furthermore, an SVD was performed to obtain the number of dominant singular
values in the interface, based upon which the numbers of IDMs and physical modes were
selected. The graphical representations using six singular values are shown in Figure 17.

—— Used SV

Neglected SV
P Ay

0 250 500 750 1000 1250 1500 1750 2000
Frequency [Hz]

Figure 17. Representation of the first 6 singular values for the drum assembly experiment.

Figure 17 shows that six singular values do not sufficiently describe the dynamics
at the interface. This is clear from the increased amplitude of the seventh singular value
around 1000 Hz and also the eighth around 1500 Hz, meaning that using six modes would
fulfill the rigidity requirement only up to 1000 Hz, while, for higher frequencies, the
inclusion of flexible modes is required.

In an effort to enhance the consistency of the reconstruction, the reduction method
we proposed, which is based on IDMs and physical modes, was employed once more.
Transformation matrices were constructed for the cases using six rigid, eight, and ten IDMs
or physical modes. Specifically, for the six rigid IDMs case, three translational and three
rotational modes were incorporated; for eight IDMs, two additional extension modes were
included; and, for ten IDMs, one more extension mode along with an extra torsional mode
were added [32]. Moreover, the transmissibility matrix was estimated (Equation (12)) for
each separate transformation matrix. The reconstructed results, derived from Equation (13),
were compared with the reference measurements (Figure 18).
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Figure 18. Comparison of the reference measurements and reconstructed results of reduction-based
methods utilizing various numbers of modes: (a) 6 rigid IDMs and first 6 physical modes; (b) 8 IDMs
and first 8 physical modes; (c) 10 IDMs and first 10 physical modes.

Figure 18 demonstrates that utilizing more than six rigid IDMs or physical modes
resulted in more consistent reconstructions. The most notable improvement was observed
around 1300 Hz, where the use of only six modes led to subpar consistency. In contrast,
employing either eight or ten modes enhanced the consistency. However, the application
of ten modes began to introduce redundancy, as indicated by the increased noise present
within the reconstructed results compared to using eight modes. Consequently, for this
case study, eight IDMs and physical modes were identified as being optimal and will be
further validated in the upcoming measurement campaign.

The same approach was then applied in an operational test. Here, the excitation source
was the electric motor running at a steady speed. The distinct load cases were established
by altering the motor’s RPM from 400 to 1250, in increments of 50 RPM. This resulted in
eighteen different load cases. The first twelve cases were utilized to estimate the transmis-
sibility matrix, while the remaining six were employed in the reconstruction process, in
accordance with Equation (13). Following the conclusion of the previous measurements,
transformation matrices for the IDMs and the physical modes were constructed using eight
modes. However, to validate this conclusion, additional transformation matrices using six
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and ten IDMs and physical modes were also constructed, where the IDMs that were used
in the construction of the transformation matrix again consisted of translational, rotational,
extension, and torsion modes. The reconstructions for the six, eight, and ten IDMs or
physical modes were compared to the standard OTPA and the TSVD approach, where, for
the TSVD approach, a cutting point set at eight singular values was used. Comparisons
using their respective number of modes are shown in Figure 19.

Amplitude [ms=2
pm*z [ 1(]*‘

107 1073 10U

Reference 1 | | || | | HH | | HH |
standard OTPA I P I H |
TSVD I IHIIH I || \ \IHIH
IDMs, i = 61 | | |
Physical modes, ¢ = 61 | ‘ | " ‘ ‘ |
IDMs, i = 81 | \ \ Il
Physical modes, ¢ = 81 | H ‘
IDMs, i = 101 | | ‘ ‘ \ H | |
Physical modes, i = 101 | | ” | H ‘
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Figure 19. Comparison of the reference measurements and reconstructed results for OTPA, TSVD,
and reduction methods utilizing 6, 8, and 10 IDMs and physical modes.

From Figure 19, it is clear that the reconstruction using standard OTPA shows a higher
amplitude over the whole frequency range compared to the others. This was attributed to
redundant responses and consequent poor conditioning of the Us, which caused the am-
plification of measurement noise. Nonetheless, the implementation of reduction methods
improved the consistency of the reconstructions compared to the standard OTPA, yielding
results that are comparable to those obtained with the TSVD technique. However, it is
difficult to determine the optimal number of IDMs and physical modes to obtain the most
consistent results based solely on Figure 19. Therefore, a more objective measurement is
used, i.e., the LAC criteria In this instance, only the LAC criteria were selected because
they provide an objective measure for comparing amplitudes. The coherence criteria were
considered to be unsuitable as they account for the phase as well, which was random across
much of the frequency spectrum. The average LAC values obtained are shown in Figure 20.

Figure 20 shows that the incorporation of physical modes or IDMs into the reduction-
based method enhanced the consistency of OTPA. For six, eight, and ten IDMs or physical
modes, a marked enhancement is evident when compared to the standard OTPA. It also
presented a modest improvement over the TSVD approach for scenarios involving six and
eight modes, although the results for ten modes were not as favorable. Nevertheless, an
approximate 12% improvement was achieved over the standard OTPA when utilizing eight
IDMs or physical modes, concluding that the optimal number of utilized IDMs and physical
modes is eight. Confirming the appropriate number of modes to use by performing the
SVD, it was determined that using six modes was insufficient to fully describe the interface
dynamics across the observed frequency range, especially at higher frequencies.
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Figure 20. Average LAC values of the standard OTPA, TSVD, and the reduction methods using

various numbers of modes.

Given that the primary objective of OTPA is to identify the dominant transfer paths,
we examined the impact of employing reduction-based methods on this process. Utilizing
Equation (4), we determined the path contributions for the standard OTPA, the TSVD
approach, and both reduction-based methods, selecting eight as the number of IDMs and

physical modes. The partial path contributions are shown in Figure 21.
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Figure 21. Path contributions of the respective OTPA methods: (a) standard OTPA; (b) TSVD; (c) first
8 physical modes; (d) first 8 IDMs.

The data presented in Figure 21 reveal that the standard OTPA displayed higher am-
plitudes across the frequency spectrum, a result of poor conditioning of U and consequent
noise amplification, unlike the other three methods. The reduction-based methods pro-
vided a more pronounced separation of the excited frequencies. While the TSVD method
demonstrated similar clarity at lower frequencies, its effectiveness diminished amidst the
noise at higher frequencies. In contrast, the two methods based on reduction maintained
their performance at these higher frequencies, which can be attributed to the inclusion of
flexible modes.

4. Conclusions

This paper introduced a reduction-based approach to improve the consistency of
partial path-contribution estimations in operational transfer-path analysis. By project-
ing measured operational responses onto representative sub-spaces constructed from
interface-deformation modes and physical modes, partial path predictions were obtained
by considering only the important interface dynamics, while the rest were left unobserved.
By neglecting poorly observed and redundant interface dynamics, the transmissibility-
matrix estimation for OTPA can become more robust, addressing key issues such as noise
amplification and the ill-conditioning of the inverse problem.

The experimental validation, conducted across setups including bolted and rubber-
coupled beam structures as well as a washing machine drum assembly, demonstrated the
proposed method’s effectiveness. The experimental results showed that using appropriate
numbers of IDMs and physical modes led to improvements in the path-contribution
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estimations, particularly in reducing noise amplification. However, it was observed that
the consistency of the method diminished in the higher frequency range when either too
many or too few modes were used. This could be considered a limitation of the method,
particularly in cases where the appropriate number of IDMs cannot be measured due to poor
observability or excitation at high frequencies. These findings suggest that the reduction-
based approach offers a viable alternative to conventional regularization techniques such
as truncated singular-value decomposition, but they also provide insight into the interface
dynamics (i.e., the number and type of significant interface DoFs). However, it should
be noted that the selection of modes in the reduction step by the experimenter plays a
crucial role in the effectiveness of the proposed methods. Therefore, when studying large
and complex structures with multiple varying connection types, where constructing a
representative numerical model requires significant effort, it is recommended to employ
the reduction approach solely using IDMs.
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TSVD  Truncated singular-value decomposition
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